The article deals with different kinds integral expressions concerning multiple HurwitzLerch Zeta function (introduced originally by Barnes [4]), Hilbert-type infinite multilinear form and its power series extension. Here Laplace integral forms and multiple MellinBarnes type integral representation are derived for these special functions. As a special cases of our investigations we deduce the integral expressions for the Matsumoto's multiple Mordell-Tornheim Zeta function, that is, for Tornheim's double sum i.e. Mordell-Witten Zeta, for the multiple Hurwitz Zeta and for the multiple Hurwitz-Euler Eta function, recently studied by Choi and Srivastava [7] .
Introduction
The general Hurwitz-Lerch Zeta function (HLZ), denoted by Φ(z, s, a), is defined as [10] , also see [22] Φ(z, s, a) = ∑ n≥0 z n (n + a) s , (1.1) where a ∈ C \ Z − 0 ; ℜ(s) > 1 when |z| = 1 and s ∈ C when |z| < 1 and continues meromorphically to the complex s-plane, except for the simple pole at s = 1, with its residue equal to 1.
The function Φ(z, s, a) has many special cases such as Riemann Zeta [10] , Hurwitz Zeta [22] and Lerch Zeta function [28] . Some other special cases involve the polylogarithm (or Jonqière's function) Li s (z) = zΦ(z, s, 1) [28] , and the Lipschitz-Lerch Zeta function Φ(e 2πiξ , s, 1) [22] . A multiple HLZ is studied by Choi et al. [8] . Other generalizations of HLZ are discussed by Lin-Srivastava [15] , Garg-Jain-Kalla [12, 13] , Lin-SrivastavaWang [16] , Goyal-Laddha [14] , Srivastava-Saxena-Pogány-Saxena [23] and others. The generalized d-ple Hurwitz Zeta function ζ d (s; a|z 1 , · · · , z d ) has been introduced and studied by Barnes [4] (see also the earlier papers [1, 2, 3] [7] to different type integral representations either for ζ d (s; a|1) or to the so-called alternating multiple generalized Hurwitz Zeta (or, equivalently HurwitzEuler Eta function)
Inspiring by η d (s, a) we will consider the extended variant of Hurwitz-Euler Eta (at the same time the alternating variant of ζ d ), defined by
Another kind of special function closely connected to HLZ and/or their expansions is the Hilbert-type infinite bilinear form [19] 
to derive deeper general Hilbert's double series theorems with respect to the non-homogeneous kernel (λ m + ρ m ) −s . Here λ N = λ = (λ n ) n≥1 , ρ N = ρ = (ρ n ) n≥1 are restrictions coming from monotone increasing functions λ, ρ : R + → R + which behave
Also, Hilbert-type infinite d-linear form H d (a, s; α, λ) was introduced by Draščić BanPečarić-Perić-Pogány [9] , by the following d-ple series: 5) writing (−1) := (−1) n•1 . In 1950 Tornheim [25] introduced the double series
In honour to the author it is called Tornheim double series (also known in literature as Witten Zeta function or Mordell series). Later, various continuations of the domain for the function T (p, q, r) are given [5, 11, 24, 26, 27] . We point out that
where [17] . It is interesting to mention that 6) where
Obviously, the most general special function here considered is the Hilbert-type infinite
Finally, it is known that [10] Φ(z, s, a) = 1 Γ(s)
Another integral representation results are derived by Draščić Ban-Pečarić-Perić-Pogány [9] 
where
In the case of Mordell-Tornheim Zeta function this result reduces to [9] 
Laplace integral representation formulae, established by the associated Dirichlet series' have been presented also in [9] (see also [19] for the case d = 2, a = 0). s; α, λ) . So, the associated Zeta and Eta functions become In the beginning, we recall the widely known Gamma function property ∫
At this point let us introduce the d-variate Hilbert type infinite d-linear form function
Then we have the Laplace-integral representation formula 
by virtue of the Cauchy's convergence test H d absolutely converges.
On the other hand let us express the denominator using the Gamma function formula (2.9): 12) where the Dirichlet series
has the Cahen's Laplace integral representation formula [6] , which has been exactly proved by Perron [18] (also see e.g. [21] ):
As λ j is monotone increasing, it possesses an unique inverse λ
. Substituting the previous Cahen's integrals into (2.12):
Calculating the inner x-integral by (2.9) with A = a + t • 1, we complete the proof. [20] .
Theorem 2.2. Assume that
Proof. By applying the A-G inequality to ζ d we deduce the inequality
. .1)). However, these constraints are guaranteed by the assumptions of the Theorem.
The resulting HLZ functions converge for a/(d
Next, having in mind (1.4), (1.8) and (2.11), and because λ 15) which is equivalent to the first assertion (2.13) of the Theorem 2.2. Relation (2.14) we prove in completely similar manner.
By taking z 
Proof. Relation (2.16) is straightforward. Since H d (a, s; α, λ) with ζ M T,d (r; s) and directly generates the associated d-variate power series
where n r := n
Now, employing Theorem 2.1 we deduce the following result.
Proof. First of all, let us establish the convergence domain of ζ M T,d (r; s | z). By the A-G inequality we conclude:
The resulting polylogarithmic/de Jonqière's functions converge according to the theorem's assumed parameter space, that is for
and ν ≡ 1, Theorem 2.1 gives (2.18). Indeed, by quoted specifications we get 
Finally, the related integral expressions for the Tornheim double sum become:
dtdx . 
Mellin-Barnes integral formulae
Assuming that non of the poles of the Gamma functions Γ(−ξ j ) at ξ j = n j , n j ∈ N 0 , j = 1, d coincide with any poles of Γ(1 + ξ j ) which ones are situated at ξ j = −1 − n j , n j ∈ N 0 and for zeros of the denominator function a + λ 1 (ξ j ) + · · · + λ d (ξ d ), which cannot be real. Here the integration paths in the complex ξ j -planes, which start at the point −i∞ and terminate at the point i∞ separate the poles of Γ(−ξ j ), j = 1, d from the poles ξ j = −1 − n j , n j ∈ N 0 . Evaluating the residues the functions Γ(−ξ j ), j = 1, d at ξ j = n j , applying the calculus of residues, we obtain (3.19). 
Mellin transforms
By the application of the multidimensional Mellin inversion formula, the following results readily follow from (3.20) and (3.21) . Because it simplicity, we omit their proofs. 
where | arg(−z j )| < π, j = 1, d. 
where | arg(−z j )| < π, j = 1, d.
